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In this work we investigate loop variables in Friedman-Robertson- Walker spacetime. We analyze 
the parallel transport of vectors and spinors in several paths in this spacetime in order to classify 
■ its global properties. The band holonomy invariance is analysed in this background. 

o ■ 

^ , PACS numbers: 04.20-q, 04.70.Bw, 04.20.Cv 

D 

m 



- 

X 



I. INTRODUCTION 



In the loop space formalism for gauge theories the fields depend more on the paths rather than on spacetime 
points. The fundamental quantity that arises from this path-dependent approach is the non-integrable phase factor 
that represents a gauge field more adequately than the field strength does. In this approach, electromagnetism, for 
^ ' example, is a gauge-invariant manifestation of the non-integrable phase factor which gives the exact description of the 

■ theory, differently from the field strength and the integral of the potential. As another example of the path-dependent 
formalism we can cite some aspects concerning phases of gauge fields and confinement of quarks [T]. The extension 

I of the loop space formalism to the theory of gravity was firstly considered by Mandelstam ^ who established several 

■ equations involving loop variables, and also by Yang Q, Voronov and Makeenko Q. 

f — . I Mathematically speaking, holonomy is a matrix that represents the parallel transport of vectors, spinors, tensors, 

■ etc. This matrix provides information on the curvature and topology of a given manifold. The holonomy matrix can 
' be written as 

^: uMC)^vLj\,i.ix))'-^dx), (1) 



where F^ is the tetradic connection and A and B are the initial and final points of the path. Then, associated with 
every path C, from a point ^ to a point B, we have a loop variable Uab given by ([1]) which, by construction, is a 
function of the path C as a geometrical object. 

Using holonomy, BoUini, Giambiagi and Tiomno Q investigated the Kerr black hole space-time and obtained many 
properties of this geometry. In a recent article, Rothman, Ellis and Murugan fo*] investigated holonomy in the 
Schwarzschild-Droste geometry obtaining very interesting results for a class orbits in this space-time. They found 
that holonomy in this space-time has a "quantization" property denominated band invariance holonomy. Other inves- 
tigations on loop variables in the context of gravitational fields includes the computation of this mathematical object 
in the Schwarzschild-Droste geometry in Taub-NUT space-time J7j and in the background spacetime generated b 
a rotating black string Q. In a recent article the clock effects were investigated by Bini, Jantzen and Mashhoon 
via holonomy transformation. Burges [l^l and Bezerra [ll| examined the effects of a parallel transport of vectors 
and spinors both around a point-like solution and a cylindrically symmetric cosmic string. This procedure gives, in 
general, non-trivial results. These effects point out to the gravitational analogue Aharonov-Bohm effect. One of us 
(CF) [1^ investigated by holonomy transformation, the topological properties of a class of solutions in Kaluza-Klein 
theory and demonstrated that the holonomy gives a combined effect of gravitation and electromagnetic fields in the 
parallel transport of vectors in that spacetime. This combined the electromagnetic and gravitational Aharonov-Bohm 
effects. The analysis of Berry's quantum phase in gravitation [l3l | was studied in a recent article. The use of holonomy 
for quantum computation was analyzed in a geometric approach by Pachos and Zanardi [T^ . 

Our study of the global properties of the FRW spacetime is done by computing the orthonormal frame matrix 
for the parallel transport of a vector along some specific paths. When this path is closed one obtains the holonomy 
matrix. When a vector is parallelly propagated along a loop in a manifold M, the curvature of the manifold causes 
the vector, initially at p g M, to appear rotated with respect to its initial orientation in tangent space TpM, when 
it returns to p. The holonomy is the path dependent linear transformation TpM^TpM responsible for this rotation. 
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Positive and negative curvature manifolds, respectively, yield deficit or excess angles between initial and final vector 
orientation under parallel transport around such loops. This global propertv of the manifold can be used as a means 
of global classification of spacetimes, as pointed out by Rothman et al. [6|, who investigated the holonomy in the 
Schwarzschild-Droste geometry. The aim of present article is to investigate the loop variables in FRW spacetime 
with the objective of studying the global properties of this spacetime. We calculate the loop variables associated to 
several paths in this background. The same analyzis is considered in the case of the parallel transport of spinor in 
this spacetime. 



II. HOLONOMY TRANSFORMATION IN THE FRW GEOMETRY 



In this section we present the geometric tools necessary to the development of this article. It is well known that 
the Friedman-Robertson- Walker metric corresponds to the simplest model of the universe. In this model the universe 
is considered isotropic and homogeneous, Moreover, the mass is uniformly distributed. The line element of the FRW 
metric is given by 

ds^ = df - -^^^dr^ - R(tfr\de^ + sin^ Odcj)^), (2) 

where R{t) is the scale factor of the universe, and k is the sign of the curvature. The Gaussian curvature is given in 
terms of the scale factor by the relation 

where k = —1,0,1 means negative, zero, or positive curvature, respectively. In other words, when the curvature is 
negative, we say that the universe is open; when the curvature is null we say that the universe is flat and finally, when 
the curvature is negative, the universe is closed. If we admit that the universe is fiat, i. e., fc = 0, the metric of FRW 
([2]) is reduced to 

ds^ = -dt^ -f R{tfg,^dx'dx\ (4) 

where gij is the metric of three-dimensional fiat spacetime. 

The line element ([2]) is described by a dual 1-form basis (co- frame), defined in terms of local tetrad fields by 
e" = e'^dx^, where 

e° = dt, (5a) 

= -^^dr, (5b) 
Vl — kr'^ 

= R{t)rde, (5c) 

= R{t)r sin 9d(j). (5d) 

The tetrad field for the 1-form basis ([5]) which corresponds to the FRW metric is given by 

We can introduce an affine spin connection 1-form wj^ and define the torsion 2-form and the curvature 2-form, 
respectively, by 

Ta = ^T,l e'' A ^ de" + uj^ A e\ (7a) 

K = iRl.e^Ae''. (7b) 

These equations are called Maurer-Cartan structure equations. Using the torsion-free condition for this spacetime, 
the first of the Maurer-Cartan equations becomes 



de" H- A e*" = 0. (8) 
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So we can determine the non null 1-form connections. From the 1-form basis ([5]) we find the following connections: 



^1 


— luq ~ n{t} e , 




^2 


= — a;7 = e 

1 i?r ' 






= = H(t) e^, 


(9c) 


ujI 




(9d) 






(9e) 




o cot 6 n 


(9f) 



where H[t) is the Hubble parameter, it express the normalized rate of expansion of the universe, which is given by 
R/R. The other terms of the connection are null. The connection 1-forms transforms in the same way as the gauge 
potential of a non-Abelian gauge theory, which means that any two elements of the group does not commute. 
The above connections lead to the following spin connections 



\i?r sin Vl — kr"^ sin t 







cos( 



Rr sin 9 
-\/\ — kr^ sint 
cos 9 




(10) 
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Rr VT 
V 



kr' 



Rr 




1 -fcr2 














0/ 



(11) 



and 







R/ 



'\ - kr^ 





R/y/1 - fcr2 








0/ 



(12) 



The spin connection corresponds to closed curves with the coordinates 6 and r constants, and the spin connection 
Tg corresponds to orbits with the coordinates azimuthal and radial constants, and finally, F^ which corresponds to 
orbits with </> and 9 coordinates constants. The holonomy matrix associated with the parallel transport of vectors 
around closed curves 7 is defined by 



{7(7) —V exp 



(13) 



where V is the order operator. The path 7 will be restricted only to circular orbits centered at the origin. We 
will deal with the transport of vectors along geodesic orbits. The set of all holonomy matrices forms the holonomy 
group. The holonomy group is defined as the group of linear transformations of the tangent space TpM induced by 
parallel transport around loops based at a point p. This group possesses information regarding to the curvature of 
the spacetime. 



A. Holonomy Transformation in a Static Universe 

Initially, for pedagogical reasons, we will to deal with the case in which the scale factor i? is a constant. In this case 
the spacetime in question is static. Moreover, the variables (r, 9) are fixed along the orbit. This assumptions implies 
that the holonomy matrix possess only the azimuthal contribution of the spin connection and is written as 

C/(7^) = r exp (- j> T^d(l^ . (14) 
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As the FRW metric is independent of the coordinate 4>, the spin connection matrix is constant along the path. 
Expanding in Taylor series the exponential part of the holonomy and reorganizing the odd and even powers terms, 
we can rewrite the integral holonomy as 



U{l4>) = 1 - 



: sin (2ti^/ 1 — fcr^ sin^ j H 

V /I 



Vl - fcr2 sin^ 61 V"" ^ "" "J ' I - kr^ sin^ 6 

Considering only orbits in the equatorial plane, we can write the holonomy matrix as 



1 - cos ( 27rA/ 1 - kr^ sin^ 6 



(15) 



I 1 \ 

cos 27r\/l — kr'^ sin 27r\/ 1 ~ kr"^ 

0^ 1 

\0 -sin27r\/l - kr"^ cos27r\/l - kr'^ j 



(16) 



This matrix can be interpreted as the rotation generator and the term 27rVl — kr^ means the deficit angle, obtained 
when we compare the final and the initial positions of the parallelly transported vector. If the holonomy matrix is 
equal to the identity matrix, it implies that the universe is plane. The parallel transport can be used as a tool to 
determine the bending of the universe, since the effect of the angle of deficit in this case, is provided only by the 
curvature of the spacetime. 

The deficit angle x obtained when we compare the final and initial position of the parallelly transported vector is 
given by cosxa = U^, where a is a tetradic index. The terms of non- vanishing angular deviations occur when a = 1 
and 2, so we have 



cosxior2 = cos27r-\/l — kr'^ 



(17) 



\Xlor2 



= \2^l^/l - kr 



27m| 



(18) 



The above expression shows that for x 7^ 0, if we parallelly transport a vector around a closed path, the final vector 
does not coincide with the original vector. This physical effect can be understood as a gr avitation al analogue of the 
Aharonov-Bohm effect. We saw in ([T7]) that there will be no Aharonov-Bohm effect if 27rVl — kr'^ is an integer. This 
conditions is not always satisfied, because Vl — kr^^ is not necessarily an integer. In fact, this term can assume an 
arbitrary value. There are similarities of this effect with the Aharonov-Bohm effect in the cosmic string case [ll| . The 
crucial difference occurs in the fact that the spacetime exterior to the cosmic string has Riemann tensor null contrary 
to the FRW for the case fc = ±1 that has curvature in the exterior region. 

Recently, Rothman et al. studied some particular curves when a vector A is parallelly transported in the geometry 
of Reissner-Nordstrom and then observed very interesting properties of parallel transport that they denominated band 
holonomy invariance. We can investigate the band holomy invariance, as proposed by Rothman et ai, for the present 
path. The band holomy invariance occurs in a special radius (critical radius) where the holonomy is trivial. In this 

situation, the invariance of holonomy occurs when 27r\/l — kr^ sin^ 9 n = 27rm, where n is the number of loops and 
m is an integer. Using this condition we obtain the the following critical radius 



1 — [m/ny 
k sin^ e 



(19) 



As the critical radius is a positive quantity, it implies that when the universe is open the integers n and m should 
satisfy the inequality m > n, and when the universe is closed, m < n. This result suggests a kind of "quantization" of 
the holonomy, in which the closing of the orbit depends on the radius of the orbit. This feature indicates the existence 
of curvature in the region of the spacetime enclosed by the orbit. We notice that there will be no Aharonov-Bohm 
effect if the radius of the orbit is equal to the critical radius. We can always choose an orbit in which the holonomy 
is trivial. 



B. Non Static Universe 



If we consider the non static universe, the scale factor is not any longer a constant so the universe can be assumed 
to be in expansion. Let's determine the holonomy matrices for a function R{t). For simplicity, we assume that the 
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circular orbits are in the equatorial plane. The holonomy transformation is evaluated in the same way as in the 
previous case. The azimuthal contribution for the holonomy is now given by 



1 



sin 271 J 1 - {k + R^)r^ 



1 - cos 2t:J1 - {k + R^)r^ 



(20) 



'l-(fc + i?2),2 V ■ / l-(fc + i?>2 

We can also study the bands of invariance of holonomy. In the above expression, the band of invariance corresponds 



(21) 



to the relation 2Trn\/ 1 — (fc + R^)r'^ = 27rm. Henceforth, we find the following value for the critical radius 



1 — {m/nY 

k + ie 



Now, the critical radius depends on the form of the derivative of the scale factor R{t). For finite r, given by (pij) . the 
holonomy is again the identity matrix. This implies that, for some critical radii, after n loops, the transported vector 
does not acquire a deficit angle. The deficit angle x obtained when we compare the final and initial position of the 
parallel transported vector is given by cosxa = U^^ where a is a tetradic index. The terms of non- vanishing angular 
deviations occur when a — \ and 2. The deficit angle x in this case is given by 



X = 27rA/l - (fc + i?2)r2 



(22) 



Now, the deficit angle depends on the scale factor R{t). In order to check this result, when we consider i? = we 
obtain the same result of the static universe. Note that this behaviour is similar to the static case, if we parallelly 
transport a vector around a closed path, the final vector does not coincide with the original vector. This physical 
effect could be understood as a gravitational analogue, for parallel transport of vectors in a universe in expansion, 
of the Aharonov-Bohm effect. We can see in expression (|22p . in the case of a flat. A; = 0, but expanding universe 
the holonomy is nontrivial. For fc = the tri-dimensional spacial section of FRW spacetime is flat, the holonomy 
matrix ()20p is the transport parallel matrix for a closed circular constant time curve in the four-dimensional expanding 
universe. In this way, holonomy experiences the effect of expansion of the universe. The expression (|22p gives, in 
principle, a way to measure the expansion rate of the universe, its gives a relation between the deficit angle x ^-iid 
expansion rate i?, the size of this effect can be evaluated, if we consider a realistic problem that envolves the parallel 
transport of vectors. If we consider a constant time circular orbit in the equatorial plane of the part of FRW spacetime 
corresponding to three-space, we obtain the following expression for the holonomy matrix 



U{14,) = 1 - 



sin ( 2ii\/ 1 — fcr^ 



' ' ! 1 -fcr2 

where is the tridimensional spin connection given by 






Vl - fcr2 



1 — cos ( 2'K\/ 1 — fcr^ 



(23) 




Note that in this case the holonomy matrix is non-trivial for fc = ±1. 
is consistent with fact of the scalar curvature is zero in this case. 



(24) 



For fc = the holonomy matrix is trivial, which 



III. SPINORIAL PARALLEL TRANSPORT 



In this section we are interested in the study of the parallel transport of a spinor in the FRW geometry. An 
important question that emerges when we study the parallel transport of vectors is what happens with more complex 
fields when they also undergo a parallel transport. We know that vectors when parallelly transported in a curved 
background will be changed after a complete loop, if there is a nonvanishing curvature in the region surrounded by 
the loop. So, we are interested in understanding what comes about when spinors are parallelly transported in the 
FRW geometry. The spinorial derivative is given in terms of the spinorial connection, defined as 



(25) 
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where 7^ arc flat-space Dirac matrices and uj'^^ are the coefficients of the spin connection. The holonomy matrix is 
given in terms of the spinorial connection r^(a;) instead of the spin connection, by the following expression 



U{'y) =V exp 



(26) 



Static Universe 



For circular orbits with constant time we found the following expression for the spin connection in terms of the 
Pauhs spin matrices 



T^{x) = i Vl - A;r2 sin6l (71 7^ - 737^) 
= ^-v/l - kr'^ sine ^ y 
The phase associated with the above spinor connection is given by 



(27) 



exp(-27rr0(a;)) . 



Expanding this term we obtain 



C/(7^) = 1 - ^'f'''^ ] sin(7rVl - kr"^ sinO) - 



r0(x)2 



Vl - kr'^ sin (9/2 
Or, in a matricial form 



1 — cos(7r-\/ 1 — fcr^ sin 6) 



jj, \_( cos(7r-\/l — fcr^ sm.9) — sin(7rv'l — kr"^ sm.9) 
\ sin(7r\/ 1 — fcr^ sin 6) cos(7r\/l — kr'^ smO) 



(28) 



(29) 



(30) 



This matrix corresponds to the phase acquired by a spinor when it is parallelly transported along a closed orbit with 
a fixed radius. Note that for fc = the holonomy is trivial. 

For orbits with constant azimuthal angle, the unique non-null term is 



T0{x) = -]Vl-kr^ (707' +717°) 



— kr'^ 



las. 



(31) 



The expression for the holonomy is obtained similarly to the previous cases, so the T{x)0 contribution to the holonomy 

matrix is given by 



U{^e) = 1 



y/l-kr^/2 



■ sinh TT 



(1- A;r2)/4 



cosh TT 



VI - kr^ 



(32) 



We return to the analysis of constant time circular orbits. Instead of vectors, we will study the parallel transport 
of spinors. In order to do this, we will make the covariant spinorial derivative null 



(33) 



The first case to be analyzed will be that of orbits with constant 9. In this case the unique non-null spinorial connection 
is r^, thus, we will have the following system to solve for the two-component spinor 



^-i^l-fcr^sin^Vi = 0, 
0(p 2 

^-F^Vl-fcr2 sin 61^0 = 0. 
00 2 



(34a) 
(34b) 
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These equations are easily integrated to 

■00 = ipoiO) cosuj^4> — i}ji{0) sinuj^cj), (35a) 

i'l = ipoi^) sinuj^(f> + ^/ji{0) cosLu^cl), (35b) 

with ~ Vl — kr'^ sm6/2. This resuh shows that, when the spinor is paraUelly transported, its components are 
changed from ip{0) to ^p. 

We will analyze another trajectory, which corresponds to orbits with the azimuthal angle fixed. Thus, we need to 
solve the following system of equations 

- ujeiyjo = 0, (36a) 

= 0, (36b) 



with cue = Vl — kr^/2. The solution is given by 

ipo = 'ipoexj){iL^e0), (37a) 
■01 = 01 exp(— jwe^). (37b) 

The behaviour of the solutions depends on the sign of the "frequency" or tue- If they are positive, the solutions 
will be oscillatory. If not, the trigonometric solutions will be replaced by hyperbolic functions. 



B. Non-static Universe 



If we consider a non-static universe the azimuthal contribution to the spinorial connection is given by 

^0(2;) = ^Rr sin 9 7073 + ~ kr'^ am9 7371 + ^coa0 7372 . (38) 
If we consider only the equatorial case, the holonomy matrix can be evaluated directly from Eq. (j25p 



1 - (7?2 + k)r 



sin(7rJl - (R'^ + k)r'^) - 



(r0(x))2 



1 - (i?2 + k)r^ 



l-cos(7rJ(l- (i?2 + fc)r2) 



(39) 



Where we write the spinorial connection as 



r0(x) = 2 -B -A 



(40) 



where A = Rr/2 and B = Vl - kr'^ /2. When a spinor under goes a parallel transport around a closed curve, if the 
final result differs of the original spinor, it is due to global effects of the curvature in the interior region. The critical 
radius depends not only on the curvature, it also depends on the derivative of the scale factor R{t) 



'1 - (2m/n)2 
k + R^ 



(41) 



IV. CONCLUDING REMARKS 



The holonomy matrix gives the parallel transport of a vector along a given path. It is frequently used as a means of 
studying global characteristics of spacetimes. In this article we use it to investigate the Friedman- Robertson- Walker 
spacetime. When analysing constant time circular orbits we find some critical radii, where the holonomy matrix is 
trivial, implying that the parallel transport of a vector along such orbit does not change its orientation. Comparing 
with the Aharonov-Bohm (AB) phase <f Aj^^dx'^, the gravitational analogue AB effect 11] occurs when the holonomy 
^ Tfj,dx'^ is nontrivial. Therefore, there is a analogue AB effect in Friedman- Walker-Robertson spacetime , except at 
those critical radii. The holonomy is not trivial in the static case, except for those critical radii and for the k = 
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case. In the non-static case the holonomy is not trivial, except for critical radii where the band holonomy is observed. 
In the expanding universe the holonomy depends on the derivative of the scale factor. We have shown, by explicit 
computation from the metric corresponding to a Friedman-Robertson- Walker universe, that the loop variables are 
a combination of rotations and boosts in this spacetime. We have demonstrated that the holomy is trivial in this 
spacetime for some special values of the coordinate parame ter i6| t hat implies in holonomy quantization. Similar 
effects were investigated in a series of black- hole solutions [gI IsI. ITtI. 1 1 8l| . The holonomy matrix for spinors was analyzed 
in constant time circular orbits in Friedman- Walker-Robertson spacetime. We have found that the holonomy is not 
trivial in the static case, except for k — and for critical radii where a band holonomy is observed. In a non-static 
universe the holonomy depends on the expansion parameter and is non-trivial, except for the case mentioned in the 
non-static case of a parallel transport of a vector. Finally, we remark the importance of the study of the holonomy 
matrix, which can be used to investigate, in the geometric approximation, the parallel transport of the polarization 
vector of light. In this approximation, in principle, one could measure polarization bands in the present spacetime. 
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